Linear Algebra

GEl)

P. Sam Johnson

National Institute of Technology Karnataka (NITK)
Surathkal, Mangalore, India

P. Sam Johnson Linear Algebra (Part-2) 1/35



Four Fundamental Subspaces

Let A be an m x n matrix of real entries.

1. The column space of A, C(A) is the space spanned by columns of A.
That s,
C(A) = {Ax: x e R"}.

2. The null space of A, N(A) is the solution set of the matrix equation
Ax = 0. That is,

N(A) = {x e R": Ax = 0}.

3. The row space of A, is the space spanned by rows of A. It is same as
the column space of AT. That is,

R(AT) = {yTA:y e R™}.
4. The left nullspace of A is the nullspace of AT. That is,

NAT) :={yeR™:yTA=0}.
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Rank, Row rank, Column rank

m dim(C(A)) = dim(C(AT)) = Rank(A) = r

m Prove: Row rank = Column rank
Question: If the rows of A, «, are independent how many independent
columns does it have?
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m Use Gaussian elimination to transform [A|b] into echelon form [U|c].
Transforming to the echelon matrix means that we are taking linear
combinations of the rows of a matrix A to come up with the matrix U.

m We could reverse the process and get back to A, by row operations
again. Therefore, the row space of A equals the row space of U.

m If 2 matrices are row equivalent, then their row spaces are the same.

m The nonzero rows (rewritten as column vectors) of the matrix U form
a BASIS for the row space.
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Example for a basis of the row space of A

1 21 2 1 21 2
U= 00 01 is the echelon matrix of A = 1 21 3
0 00O 36 37

A basis for the row space of A is the set of non-zero rows of U (rewritten
as column vectors). In our example, a basis for the row space is

NP, DN =
= O O O

Notice the number of elements in the basis, which is the number of
non-zero rows in U, is just the number of pivots.
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The Column Space

m The column space of a matrix consists of ALL linear combinations of
the columns of the matrix.

m Reduce A to the echelon matrix U, by row operations.

m Find the pivot variables x; , x;,, . .., xj, where r = rank(A) is the total
number of pivots. A basis for the column space of A is the set of
columns i1, b, ..., I, in the original matrix A.

m That is, the columns of the original matrix corresponding to those
columns containing PIVOTS form a BASIS for the column space of
the matrix.

m Notice the number of elements in the basis, which is the number of
non-zero rows in U, is just the number of pivots. This means the
column space and the row space of a matrix always have the
same dimension.
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Example for a basis of the column space of A

1 21 2 1 21 2
U= 00 01 is the echelon matrix of A = 1 21 3
0 00O 36 37

Since the pivot variables of A are x; and x4, a basis for the column space is

1 2
1], 3
3 7

Caution. We had to choose columns from the original matrix A, because
Gaussian elimination changes the column picture at each step.

To see this in our example, just note that the columns of U all have a zero
in the third entry: if these spanned the column space of A then every
column of A would also have to have zero in the third entry—which is false!
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Nullspace

m The system Ax = 0 is reduced to Ux = 0, where U is an echelon
matrix, and this process is reversible.

m The nullspace of A is the same as the nullspace of U.

m Find the free variables x;, x;,,...,x;,_, where n— r is the number of
columns of A without a pivot. There is a basis for the nullspace of A,
with one vector associated to each free variable. Taking each free
variable one at a time, set that free variable as 1 and the other free
variables as 0. Then solve Ux = 0 for the vector x with this choice
and put x in the basis. Repeat for each free variable.

m The n— r “special solutions” to Ux = 0 provides a BASIS for the
nullspace.

P. Sam Johnson Linear Algebra (Part-2) 8/35



Example for a basis of the null space of A

1 21 2 1 21 2

U= 00 01 is the echelon matrix of A = 1 21 3 ].
0 00O 36 37
0

The free variables are x and x3. Taking xo = 1,x3 =0 and x; =

, X3 =
and solve Ux = 0 for each choice. A basis for the nullspace of is

-2 -1

1
0 )
0

O = O
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Left Nullspace

m Use Gaussian elimination to transform [A|b] into echelon form [U|c].

m A basis for the left nullspace of A has m — r vectors, which is the
number of zero rows in U.

m For each zero row, put a vector in the basis whose entries are the
coefficients of the vector b in the entry of ¢ corresponding to the zero
row.
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Example for a basis of the left null space of A

121 2 b 121 2 by
Albj]=|1 2 13 b |—=|000 1 b—b =[U]|d.
36 3 7 b 0 0 0 0 bs—2b—b,

O O

There is one zero row of U. As an equation the row represents
0 = —2by — by + b3 (note we listed the b;'s in order). Thus a basis for the
left nullspace is

-2

-1

1

In general, the number of elements in this basis will equal the number of
Zero rows.
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Dimensions of Four Fundamental Subspaces

Let A be m x n with rank r. Using the bases above, we observe the
following:

m dim R(A) = R(AT) = r (the number of pivots).
m dim N(A) = r (the number of free columns).
m dim N(AT) r (the number of zero rows).

Notice that the column space and the row space of a matrix have the
same dimension (even though the vectors in each subspace live in a
different ambient space, R” and R".)

The nullspace and row space live in R” ; the left nullspace and column
space live in R™,
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Fundamental Theorem of Linear Algebra (Part I)

There is an important relationship between the dimensions of the

subspaces in each of these pairs of subspaces, which is shown by the
following theorem.

Let A be m x n with rank r. Then
m dim R(AT) + dim N(A) = n.
m dim R(A) + dim N(AT) = m.

We call the dimension of N(A), nullity of A.

The first equation is also called the rank-nullity law, or, rank-nullity
theorem because rank A = dim R(AT).
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To Remember Their Dimensions !

To remember what are the dimensions of the four fundamental subspaces,

it is best just to think about where the bases for each subspace comes
from :

m The bases for the column space and row space come from the pivots,
so the dimension of each of these subspaces is the rank of the matrix.

m The basis for the nullspace comes from the free columns, so the
dimension of the nullspace is the number of free columns.

m The basis for the left nullspace is obtained from the zero rows, so the
dimension of the left nullspace is the number of zero rows.
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Figure : Nullspace and Row Space in R”
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Figure : Left Nullspace and Column Space in R”
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Exercises

Exercises 2.
1. w=(3,1,2) € R3. What is W = span(w)?

2. span{(1,0,0),(0,1,0)} & span{(1,0,0),(0,1,0),(3,5,0)}?
span{(1,0,0), (0,1,0),(0,0,1)} & span{(3,1,2),(7,1,0),(0,0,1)}?

3. span{ {1 0] , [O 2} }? Does it span all 2 x 2 matrices with real entries?

0 1(’|4 O
4. What is span{1, x, x>} ?
5. If A= [aiaz...an], then span{ai,as,...,an}?
6. Is it possible aywy + -+ -+ ayw; = Biwy + - - - + Biwy, for a fixed
(1, ,aq) # (B1,: -+ ,B1)? What does it mean in terms of the solutions of a linear
system?

7. Question: Is W = span(S) a subspace of V ? Prove!

1 0 0
0 1 0

8. Considere; = |.|,e2=|.]|,--en=|.|. Span{e1,--- ,en} = R". Is there any other
0 0 1

n vectors that can span R"?
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Exercises

Exercises 3.

1. R" = span{ey,--- ,en}. Standard basis of R".
2. By ={1,0),(0,1)}, B, = {(1,2),(2,5)}, Bs = {(2,0),(0,3),(5,6)}. Are they basis for
R2?

1 3 3 2
3. Find the basis of C(U), where U= [0 0 3 1
0 0 0 O

[

4. Let A= . Do the columns of A form basis for R*?

= e
[eN NN
o O O~

0
Find a basis for W = span{2x® + 4, x> — 7,x3 + x2,2x? + 2}.
Say true or false : Every vector space can have many bases.

When do columns of a matrix A,x, form a basis for R" 7

R

Prove that the set of all columns of any n x n invertible matrix (a; € R) form a basis for
R".

Prove that if a basis is given for a vector space, then each vector in the space has unique
expression as a linear combination of elements in that basis.

©
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Exercises

Exercises 4.

1. Show that any two bases for a vector space V' contain same number
of elements from V. This number, shared by all bases, represent the
number of ‘“degrees of freedom” of the space.

2. Any linearly independent set in V can be extended to a basis by

adding more vectors if necessary. ( )
Similarly, any spanning set S in V' can be reduced to a basis by
discarding unnecessary vectors. ( )

3. Is dimension always a finite number? Give some simple examples of
vector space with infinite dimension.
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Left and right inverse

m Let A be an m X n matrix, then the following are equivalent:

1. A has a right inverse, i.e., there exists an n x m matrix C such that
AC = 1.

2. The system Ax = b has at least one solution x for each b € R™.
3. The C(A) =R™.

Also, any one of (1), (2), or (3) implies that m < n. (Prove).

m Let A be an m X n matrix, then the following are equivalent:

1. A has a left inverse, that is, there exists an n x m matrix B such that
BA = I.

2. The system Ax = b has at most one solution x for each b € R™
3. The columns of A are linearly independent.

Also, any one of (1), (2), or (3) implies that m > n. (Prove).
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Invertibility condition

m Can a rectangular matrix have both existence and uniqueness?

m A square matrix has a left-inverse, iff, it has a right-inverse. Further,
B=C=A"1 Also full rank means r = m = n..

m Best left and right inverses (if they exist): B = (AT A)"'AT and
C=AT(AAT) 1
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Every matrix of rank = 1 has the simple form A = uv’ = column matrix
times row matrix.

2 1 1 1
4 2 2 2

A= s 4 al=1|4 2 1 1]
-2 -1 -1 -1
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Linear Transformation

Definition 1.

Let V and U be two vector spaces (over R). A function T:V — Uis a
Linear Transformation if it satisfies the following

L Tx+y)=T(x)+ T(y), ¥x,y e V
2. T(ax) =aT(x), Va e R and Vx € V
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1. T :R — R defined by
e T(x)=0,VxeR
o T(x) = ax, Vx € R & for some fixed constant a € R.
e Any other expression?
2. T :R — R? defined by
e T(x)=0, Vx
o T(x)=(x,2x), ¥x
3. T :R? — R defined by
o T((x,y))=x+y ¥(x,y) €R?
o T(x,y)=x, V(x,y) € R?
4. T : R? — R? defined by
T(x,y) =(0,0), ¥(x,y) € R?

°T(Xy) (x,¥), V(x,y) € R?
o T(x,y) = (y,x), ¥(x.y) € R?
o T(x,y) =(0,x), ¥(x,y) € R?
° (y)=( ,X) V(x,y) € R?
o T(x,y)=(x+y,y—x), ¥(x,y) €R?
o T(x,y)=2(x,y), V(Xy)éﬂ?%2
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1. T:R3 — R defined by
o T((x,y,2))=x+y—2zV(x,y,z) e R®
o T(x,y,2) =y, ¥(x,y,z) € R3
2. T :R3 = R3 defined by
o T(x,y,2)=(y,z,x), V(x,y,z) € R
o T(x,y,z2)=(x+y,y+2z2),V¥(x,y,z) e R
3. Let P, be the set of all polynomials with degree < n with real
coefficients.
o T:P,— P, defined by T(p(x )) = p'(x).
o T:P,— P,y defined by T(p(x)) = fo p(t)dt.
o T:P,— P,y defined by T(p(x)) = (2 + x)p(x).
4. Let R* be the set of all real sequences. T : R® — R defined by
(] T(Xl,X2,X3, .. ) = (X27X37 . )
o T(x1,x2,%3,...) = (0,x1,x2,X3,...).
o T(x1,x2,%3,...) = (x1,x1 + X2, x1 + X2 + X3, ...).
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Not a linear map?

:R — R defined by T(x) =x+1 V¥x

: R? — R defined by T(x,y) = xy Vx,y

: R? — R? defined by T(x,y) = (x+y,1—y) Vx,y
: P, — P, defined by T(p(t)) = p(t).

: P, — P, defined by T(p(t)) = sin p(t)

oA W e
-~ 94494

P. Sam Johnson Linear Algebra (Part-2)



Exercises

1. Let T: V — U be a linear map. What is T(0)?

2. Let range(T) = T(V) and kernel( T)=ker(T)={x € V : T(x) = 0}.
Then find the following for all the linear maps (transformations)
mentioned above.

range(T)

ker(T)

their dimensions?

a matrix A such that T(x) = Ax

Compare the C(A) and range(T); N(A) and ker(T)

3. Give b examples of linear map and not linear map on infinite
dimensional spaces.

4. If A'is a matrix of a linear map T, then what is the matrix for T2?

5. Is composition of two linear maps a linear map?
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Transformations represented by matrices

2 4
What is the linear map which takes B] to |3| and [ﬂ to |67
4 8
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Importance of basis

m Difference between basis & ordered basis?
m Two bases of R?: B; = {(1,0),(0,1)} & B> = {(1,1),(3,5)}
m Express (5,—2) in terms of two ordered bases B; & B,

m Express (5,—2,1) in terms of two ordered bases of R3:
B; =(1,0,0),(0,1,0),(0,0,1) & B, = {(1,1,0),(3,5,1),(2,4,2)}
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Matrix of a linear map

m Find a matrix for the linear map defined as T(x,y) = (x,0,y) with
respect to the standard basis in the domain and co-domain.

m Remember earlier slide?

Let T be a linear map from R" to R™. Then there is an m X n matrix A
such that T(x) = Ax, for all x € R".

Theorem 3.
A linear map from R" to R™ is completely determined by the images of
the standard basis {e1,...,e,} of R".

v
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Matrix of a linear map w.r.t other bases

Find a matrix for the linear map defined as T(x,y) = (x,0,y).

1. with respect to the basis (ordered) {(1,0),(1,1)} in the domain and
{(1,0,0),(0,1,0),(1,2,1)} in the co-domain.

2. with respect to the basis (ordered) {(1,0),(1,1)} in the domain and
{(1,1,1),(1,2,1),(0,0,1)} in the co-domain.
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Suppose the vectors By = {x1,x2,...,%,} is a basis for the space V and
By = {y1,y2,...,Ym} is a basis for U. Then, for each linear map

T :V — U, there is a matrix A with respect to By and B,. Also, entries
of A can be obtained from

T(x) =Axj=aijy1 + ajy1+ -+ amjym, j=1,2,...,n

b1 aix - aw| |

B2 a1 - awm| |
Remarks: Forany xe V, | . | = ) ) ) | where

Bm dml - dmn Om

x=Yapi, T()=Y By (ay)=I[TIg
1 1

P. Sam Johnson Linear Algebra (Part-2)



Find the matrix for the linear map T : P3 — P3 defined by T(f) = f’ with
respect to the bases By = By = {1, x,x?,x3} in domain as well as the
codomain.

Example 6.

Find the matrix for the linear map T : P, — P53 defined by

T(f(x)) = [, f(t)dt with respect to the bases B; = {1,x,x?} in domain
and By = {1, x,x2,x3} in the codomain.
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Matrices of special linear maps

Matrix Properties
s_?ia]tlz;njfzr:)ugz)go deg —lo -1 Q" =Q
YY) ==Y 1 0]
. I ) 1. QQRg=1
eth:t'on through Q= [cosf —sinf 2. Q2=Q
€ sind  cosf 3. QQs = Qoio
};’_r(?(ect)l(ln E):tg)x axis p—|1 0
»Y) =X 0 0]
r 1. No inverse
Projection onto 6 line Py=| cos?f cosOsind 2 0—2I|ne map to f-line
Osinf  sin?0 3. Py =Py
Lcos 4. N(Py)= the line L to f-line
};e(flect)log \(N.r.t.) y=x Helo 1
X, y)=W,x 10
[ 111 H=2Py—1
Reflection w.r.t. 6 line Hy = [2cos?6 —1 2cosfsinf 2. Hg =
[2cosfsin® 2sin?0—1] | 3. H;' = Hy
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